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ABSTRACT

This paper is devoted to solutions of the Dirichlet problem for
the Oseen system with Coriolis term —-Au(z) + 10,u(z) — (® x z) -
Vu(z) + o x u(z) + Vp(z) = f(z), V. pin Q, u = g on 0Q in the
homogeneous Sobolev space W'1(Q; R*)x L1(Q) with2 <q<3.
Here Q < R?® is an exterior domain. Kracmar, Necasova
and Penel proved that if Q has boundary of class (% g =0 and
f e D7(Q; R?, then there exists a unique solution of the
problem. This paper shows that this result holds true even for
domains with Lipschitz boundary. Moreover, we prove unique
solvability of the problem for general ¢ € W'4(5Q); R® and
f e D, RY).

Key words: Oseen system with Coriolis term.

1. INTRODUCTION
This paper is devoted to the Dirichlet problem for the Oseen system with

Coriolis term

—Au(z) + rou(z) - (o x z) - Vu(z) + o x u(z) + Vp(z) = f(z), in Q (1)

V-u=0in€Q, ()
u=gonVvQ 3)

Here Q3 c R%is an unbounded domain with compact Lipschitz boundary,

o=(p, 0,0)and 1, p € R' \ {0}. This problem arises by linearization and
normalization of a mathematical model describing the stationary flow of a
viscous incompressible fluid around a rigid body moving at a constant
velocity and rotating at a constant angular velocity, under the assumption
that the velocity of the body and its angular velocity are parallel to each
other. More information on physical background can be found in G.P.
Galdi(2002) or S. Necasova et al. (2016).

The problem (1)—(3) has been studied by many authors. (See for example
R. Farwig et al.(2007), R. Farwig et al.(2011), R. Farwig et al.(2008), R. Farwig
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and J. Neustupa (2007), H. Heck et al.(2012), S. Kracmar et al. (JMS] 2010),
M. Kyed (QAM 2013), M. Kyed (DCDS 2013).) The papers R. Farwig et al.
(2009), G.P. Galdi (2011), G.P. Galdi et al. (2007), D. Kim (2018) and M. Kyed
(2014) studied the problem in homogeneous Sobolev spaces D*1(€; R%) x
D'"1(Q2). The papers R. Farwig et al. (2011), G.P. Galdi (2011), T. Hishida
(2006), D. Kim (2018), D. Kim (2019) and S. Kracmar et al. (QAM 2010) are
devoted to solutions of the problem in D'(Q; R?) x L7 (Q). Very weak
solutions of the problem with u € L(Q; R®) are in D. Kim (2018).

We are going to study the problem in D"1(Q; R%) x L1 (Q). Let us gather
the known results. D. Kim writes in D. Kim (2018): Let W be an unbounded
domain with compact smooth boundary. If g € H"*(W; R?) and f =0, then
there exists a unique solution (u, p) € [D'*(W; R?) n LYW; R%)] x LAW) of
(1)-(3). G.P. Galdi proves in G.P. Galdi (2011): Let W be an unbounded
domain with compact Lipschitz boundary. Let g € H"*(0W, R3), f € D'*(W,
R%). Then there exists at least one solution (u, p) € D'*(W, R?) x L2 (W) of
(1)-(3) such that

J. |u(rx)|do(x) = o(r2) as r — .
aB(0;1)
D Kim shows in D. Kim (2019): Let @ have smooth boundary. Suppose that
f=fi+f, f; € D (Q; R, f, € L**(Q; R%) and g € W'?2(; R?). Then there
exists a unique solution u € D'? (€ R%) n LY(€); R?) of (1)—(3) such that

u(x) =0, [x| = co.

S. Kracmar, S. Necasové and P. Penel proved in S. Kracmar et al. (QAM
2010) the following result: Let Q be an unbounded domain with compact
boundary of class (?, g=0and f € D(Q, R?) with 3/2 < g < 3. Then there
exists a unique solution (u, p) € Dy7 (@, R?) x LYQ) of (1), (2). (That means
that (1, p) is a solution of the problem (1)=(3) with ¢ =0 in W""(Q; R?) x
L1(€2).)

This paper studies the problem (1)-(3) for exterior domains with
Lipschitz boundary. It is shown that there exists a unique solution (¢, p) in
the space W'(Q; R%) x L1(Q) of (1)-(3) for f € D(Q; R% and g € W'/
(0€; R%) with 2< g <3. Remark that u € D7 (2, R®) if and only if u € W (
R%) and the trace of u is zero, i.e. if g=0. So, our resultis a generalization of

the result of S. Kracmar et al. (QAM 2010) under the assumption that 2 <g
< 3. (For the definition of function spaces see the next section.)

2. FUNCTION SPACES

Let Q — R"be a domain (i.e. an open connected set), 1 <g<owand k € N. We
denote by W*1(Q) the classical Sobolev space, i.e. W¥(Q) == {u € LI(Q); 0°u
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e L1(Q) Vo <kl If M=Qor M=Q we denote by Wk (M) the set of all
functions 1 on Q such that u € W*(G) for each bounded open set G with
G c M. Denote by C* (Q) the space of infinitely differentiable functions
with compact support in Q and by W;7(Q) the closure of C*(Q2) in W*i(Q).
Further denote by W+*4(Q) the dual space of Wy7(Q2) with g' =gq/(qg - 1).

The homogeneous Sobolev space D*(Q) consists of distributions on
with derivatives of the order k in LY(Q). If u € D*(Q) then u € W;1(Q) by
§1.2.3 in V.G. Maz’ya et al. (1997). If Q has compact Lipschitz boundary

then D*(Q) =« W*1(Q) (see Proposition 1.25.2 in D. Medkov4 (2018)).

Fix a bounded open set G such that G c Q. Then D*(Q) is a Banach
space with the norm
||u||Dk,q(Q) = ||u||Lq(G) + ||vku||Lq(Q)'

Moreover, different choices of G give equivalent norms. (See §1.5.3,
Corollary 2 in V.G. Maz’ya et al. (1997).) If Q is a bounded domain with
Lipschitz boundary then D*(Q) = W*(Q) and the corresponding norms
are equivalent. (See §1.5.2-§1.5.4 in V.G. Maz'ya et al. (1997)).

Denote by D¥(€) the closure of C*(Q) in D¥(Q). If Q # R" then [[Vel|,,
is an equivalent norm in D*4(Q). (See Lemma 1.25.4 in D. Medkova (2018).)
Denote by D'4(Q) the dual space of D"7(QQ) with ¢' =g/(q - 1).

Denote W*(Q) = {u|; u e Dge (R™)}. If Q has compact Lipschitz
boundary then W*'(Q) is the closure of C* (R”) in D*(Q).

Suppose now that Q has compact Lipschitz boundary. If 0 <s<1and 1
< g <o we denote by W*/(0Q) the set of all f € LY(0€) with || f [[,ys 40, <
where

[Pl = </||f||';(m) b 'f“y—f(”'d (x)do(y)

2QxQ |x_

Then there exists a unique linear continuous mapping v, (called trace
mapping) from W"(Q) onto W49(0Q2) such that y u = u on 0Q for all u €
WH(Q) N CoY(Q), where C*(Q) is the space of Lipschitz continuous
functions on Q. (See Theorem 1.5.1.2 in P. Grisvard (2011).) Similarly, there
is a unique linear continuous mapping v, : D"(Q) — W"#9(0Q) such that
Yo = u on 0Q for all u € D¥(Q) N COY(Q).

The following lemmas are well known. We prove them for the lack of
references.
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Lemma 2.1: Let Q@ cR" be an open set with compact Lipschitz boundary.
Suppose that 1 <r < g <. Then W-1(0Q) — W'-17(6QY).

Proof: Without lost of generality we can suppose that Q is bounded.
According to Theorem 1.5.1.2 in P. Grisvard (2011) there exists a bounded
operator E : W=11(0Q) — W'1(Q) such thaty Eu = u for all u € W-11(0Q).
Holder’s inequality gives W"1(Q2) — W'"(Q). Since the trace y,: W' (Q2) —
W-rr(6Q)) is continuous and y Eu = u for u € W'4(0Q2), we infer W14
(0Q) > W (6Q)).

Lemma 2.2: Let Q@ cR" be an open set with compact Lipschitz boundary.
Suppose that 1 <r < g <. Then W1(0Q2) — W-(0Q2).

Proof: Denote q' = q/(g — 1) and ' = r/(r — 1). Since q' <r' Lemma 2.1
forces W-"r(0Q) —» W-114(0Q). As 1/g=1-1/q' and 1/r =1 - 1/¢' we infer

Wi(0Q) = [W(6Q)] = [W11(6Q)]" — [WH (6Q)]
= [WVr(0Q)] = W (6Q).

Proposition 2.3: Let Q — R™ be an unbounded domain with compact
Lipschitz boundary or Q =R". Suppose that 1 < g <m. Denote by P (R") the
space of constant functions in R". Then D"(Q2) = W"1(Q2) ® P (€2) and W"(2)
is formed by u € D"(Q) such that

1113»} .[53(0;1)|u(rx)|d6(x) =0
where B(z; 1) = {x € R"; |z — x| <r}. If u € WY(Q) then u e L™t=9(Q).

(See Lemma 18 in D. Medkova (2019), Proposition 3.38.5 and Proposition
3.38.4in D. Medkova (2018).)

Remark that the claims of Proposition 2.3 stop to hold for g > m.

3. DIRICHLET PROBLEM IN A BOUNDED DOMAIN

In this section we study the Dirichlet problem in a bounded domain. We
begin with the Dirichlet problem for the homogeneous Stokes system.

Proposition 3.1: Let Q — R’ be a bounded domain with Lipschitz
boundary. Denote by n the unit exterior normal of Q. Let2<g<3and g €
W-19(0Q); R®). Then there exists a solution (u, p) € W(€); R3) x L1(Q) of

-Au+Vp=0,V-u=0inQ (4)
with the Dirichlet condition (3) if and only if

Jo" 80 =0 ©)
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Awelocity u is unique, a pressure p is unique up to an additive constant.

Proof: If (1, p) € W"1(€); R?) x LY(Q) is a solution of (4), (3), then Green’s
formula gives

LQ n® - gdo = J.QQV -udx = 0.

Let (u, p) € WH(€); R3) x L1(QQ) be a solution of (4), (3) with g=0. Holder’s
inequality gives that (1, p) € W'(Q; R®) x L(Q). So, u =0 and p is constant
by Theorem IV.1.1 in G.P. Galdi (2011).

We now show the existence of a solution. We use the integral equation
method. Denote by E = (E,) the velocity part of the fundamental solution
for the Stokes system and by Q =(Q)) the pressure part of this fundamental
solution. Here

E (x)—i(s l+@) Q,(x) =—2
g 8l T xf ) arnlx]’
where x € R®*\ {0} and i, j =1, 2, 3. If f € W9(0Q); R®) then we define the
velocity part of the single layer potential with the density fby

E, fx):=(f, E(x--)), x e R* \ 0Q
and the pressure part of the single layer potential with the density f by

Q. f(x) =(f, Qx--)), x e R* \ oQ.
Ifu=E,fand p=Q,fthen (u, p) is a classical solution of (4). (See for
example M. Mitrea et al. (2012).) Moreover, E_f € W"(Q; R’). (We can
consider Q as a subset of a compact manifold and use Theorem 3.1 in M.

Mitrea et al. (2001).) Define f e W™(R*;R®) by

(f, 0) =(f, 7,0), v € W (R R?).

Since Q. f= Q * f, Lemma 8 in D. Medkova (2019) gives that Q,, f €
LY(©Q). Denote &, f:=y,E f . According to Theorem 10.5.3 in M. Mitrea et al.
(2012)

&y B, (09; R%) — B, (06 RY)
is a Fredholm operator with index 0 between these Besov spaces. Remember
that B (0Q; R’) = W#1(0Q; R°) and B, (0Q; R?) = W9(0Q); R%). (See
Proposition 2.5.1 in M. Mitrea et al. (2012), Proposition 2.52 in I. Mitrea et
al. (2013) and Lemma 36.1 in L. Tartar (2007).)

Denote by C,, ..., C, all bounded components of R*\ Q. Fix 2/ € C, for j =
1, ..., k. Put
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x—z/
w,(x) = —.
|x - 2|

Define \V].(x) =lx— z].|*1. Then A\V]. =0in Q by Remark 2.1.3in D. Medkova
(2018). Since w, =V, we have Aw;=V(Ay)=0 and Vaw, = Ay, =0in Q. For f
e Wa(0Q), R%) define

EQf=EQf+Zk1:wj<f,wj>.

Then E,f=e W"(Q,R®). If R3\Q is connected then E,f=E,f. Since
Aw]. =0and V - w, = 0in Q, we obtain

~AE,f+VQ,f=0, V-E,f=0in Q.

Denote &, f :=y,E, f. Then (u, p)= (E, f, Q, f) is a solution of (4), (3) if
and only if &, f =g. Since £,-&, : W1(0Q; R®) — W'-144(50); R?) is finite-

dimensional and therefore compact, the operator &, : W1(5Q; R?) — W'~
Y21 (0Q); R3) is Fredholm with index 0. According to Proposition 4 in D.
Medkova et al. (2015) we have

E (W20, R?)) ={ geW"2 (@, R%); | g n® zo}_

Since &, : W22(0Q; R3) — W22 (9Q); R%) is a Fredholm operator with
index 0, the dimension of its kernel is equal to 1. Since W-/1(0Q; R%) « W~
122 (5Q; R%) by Lemma 2.2, the dimension of the kernel of the operator &, :
W (6Q); R%) — W1a1(0Q); R®) is at most 1. Since

[ n° & fds=0
by (5), we infer that

Ea(W (00, ) = (g e W 9120, R); | g-n® =0},
So, if g € W-144(0Q, IR®) satisfies (5), then there exists a solution (i, p) €
Whi(Q); R%) x LI(Q) of (4).
Now we are able to study the Oseen system with Coriolis term.

Theorem 3.2: Let Q — R? be a bounded domain with Lipschitz boundary.
Suppose thatt, p e R, @=(p, 0, 0), f € W(Q; R%), g € W90, R¥) and h €
L7(QY) with 2 < g <3. Then there exists a solution (u, p) € W"(Q; R®) x L1(QQ) of
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—Au(z) + 10,u(z) — (0 x z) - Vu(z) + o x u(z) + Vp(z) = f(z) in Q, (6)
V-u=hinQ (7)

with the Dirichlet condition (3) if and only if
LQ n® - gdo = JQ hdx. (8)

Avelocity u is unique, a pressure p is unique up to an additive constant.

Proof: If (u, p) € W"(Q); R?) x L9(Q) is a solution of (7), (3) then Green’s
formula gives

Lgng -gdo = JQV-udx = J.thx.

Suppose now that (i, p) € WH(€; R%) x LY(Q) is a solution of (6), (7), (3)
withh =0, f=0and g=0. Holder’s inequality forces that (1, p) € W"*(€); R?)
x [%(Q). Since

—-Au(z) + 0,u(z) — (0 x z) - Vu(z) + o x u(z) + Vp(z) = (1 - 1)0,u(z) € LX),
Lemma 2.3 in R. Farwig and ]. Neustupa (2007) forces that (u, p) is in
the space W2*(Q; R’)x W2 (Q). Fix v e C* (Q; R%). Choose a domain G

loc c
with smooth boundary such that v is supported in G and G < Q. Since v =
0 on 0G, Green’s formula gives

ou 1 1 G G
0= jaev-{%—arnlu+§[oox 2)-n°Ju-pn~do(2)

=.|. {Vv-Vu+v-Au—lrvalu—itualv+lv-[(mx 2)-VuU]
G 2 2 2

+%u-[(mx 2)-VV]-v-Vp—p(V-v)}dz
= .[G{_V'[_AU(Z) +10,u(2) - (wx 2)-Vu(2) + ox u(z) + Vp(2)] + Vv-Vu

+11V81U—Etuﬁlv—lv-[(o)xZ)-Vu]+iu~[0)><Z)-VV]+V-(0)><U)
2 2 2 2
—p(V-v)}dz
—J. {Vv-Vu +11v8 u—ltua V—£V~[((x)>< z)-Vu]+1u-[(o)>< 2)-Vv]
o 2 T 27 2 2

+V-(oxu)— p(V-v)}dz
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Since u =0 on 0Q there exists a sequence {v } = C* (Q; R?) such thatv —
u in W(Q); R?). (See Theorem 6.6.4 in A. Kufner et al. (1977).) So,

. 1 1 1 1
0= I|m.|.Q{Vvn -Vu +Ervn61u —Erualvn _EV” J(ox2)-Vu] +Eu-[(co>< 2)-Vu,]

n—oo

+v, - (oxu)— p(V-v,)}dz

= J.Q{an -Vu +%tun81u —%tualun —%u [(ox2)-Vu] +%u-[(o)>< 2)-Vu]
+u-(0xu)—p(V-u)ldz
2
= [ [IVu +u- (@xu) Joz

Since o x u(z) is orthogonal to u(z), we infer that

0= LIVUIZ dz.

Since Vu =0, the velocity u is constant. As u =0 on 0Q, we deduce that
u =0. Therefore Vp(z) = Au(z) — ©0,u(z) + (o x z) - Vu(z) = ® x u(z) =0 and the
pressure p is constant.

Now we show the existence of a solution of the problem under the
condition (8). We begin with the Stokes system, i.e. with t=p=0. Suppose
that the condition (8) is satisfied. Choose a bounded domain D c R3 with
smooth boundary such that Q c D. We can consider W, 7(Q) to be a closed
subspace of W7(D), where q' = g/(q — 1). According to the Hahn-Banach
theorem there exists F € W4(D; R®) such that (F, v) = (f, v) for all v €
Wy (). Define h := c on R*\Q, where c is a constant such that

thdx=o

According to Theorem 2.11in G.P. Galdi et al.(1994) there exists a solution
(G, p) € W(D; R%) x LY(D) of

-AG+Vp=F,Vxld=hinD, d=00naD.
Remark that (0, p) € W(Q; R?) x L1(Q) is a solution of (6), (7). Put § =
G on 0Q. Then § € W4(0Q); R3?) and

IaQ n®- gdo = IthX.

Hence
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Q ~
on -(g-§)do = .[Qndx—.[ghdx= 0.

Proposition 3.1 forces that there exists a solution (w, 8) € W"(Q); R?) x

Li(Q) of
-Aw+V0=0,V-w=0inQ,w=¢- § onoQ.

Putu:=0+w,p:= p +06.Then (4, p) € W"(Q; R%) x LY(Q) is a solution of
(6), (7), ().

Let now t and p be general. Denote
5., (W, p) = —Au(z) + 10,u(z) - [(p, 0, 0) x z] - Vu(z) + (p, 0, 0) x u(z) + Vp(2).

Then S__: W(Q; R%) x L1(Q) — W(Q; R%) is bounded by Theorem
1.4.4.6 and Theorem 1.5.1.2in P. Grisvard (2011). We show thatS_ -5,
compact. Clearly

(S,, =S, p) = 10,u(z) = [(p, 0, 0) x z] - Vu(z) + (p, 0, 0) x u(2).

If v e C* (; R®) choose a domain G with smooth boundary such that v

is supported in Gand G < Q. Since v =0 on 0G, Green’s formula gives

0= [ _v-{rmu-[(p,0,0)x2)-n°]u} do(2)
= I@G{rvalu +1ud,v—V-[(p,0,0)x z) - Vu] —u-[(p,0,0) x 2) - VV]}
Thus

((S., = S0)u, p),V) = .[Q{—rualv+ u-[(p,0,0)x 2)- VV] +V-[(p,0,0) x u] }dz.

Density argument forces that this equality holds for arbitrary v € W7
(&; R?) with g' = g/(g — 1). Since W"(Q) — L1(QQ) compactly by Lemma 18.4
in L. Tartar (2007), the operator S_ — S : W"1(Q; R?) x Li(QQ) — W1 (Q; R?)
TP ,
is compact.

Define Pw(u, p) = (Sw(u, p), V- u, y,u). We have proved that
P+ WH(Q; R?) x Li(€Q) — WH(Q; R®) x Li(Q2) x W1#1(5Q); R?)
isa Fredholm operator with index 0. Since P__-P;=(5, -5, 0,0)and S__

0,0 0,0/

= S0t WH(E R?) x LY(Q) - W1(Q; R%) is compact the operator
PT,p : Wh(Q); R3) x L(Q) — W(Q); R3) x L(Q) x W14(0Q); R3)
is a Fredholm operator with index 0, too. We have proved that the
dimension of the kernel of P_ 1s equal to 1. So, the co-dimension of the

range of P__is also equal to 1. “Therefore there exists a solution (u, p) e Wi
(Q; R%) x L‘i(Q) of (6), (7), (3) if and only if (8) holds.
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4. DIRICHLET PROBLEM IN AN EXTERIOR DOMAIN

Now we are going to study the problem (1)—(3) in an exterior domain. We
need the following auxiliary results.

Lemma 4.1: Let Q — R* be an unbounded domain with compact smooth
boundary, t#0, o= (p, 0, 0). Let 1 <q(1) <oo. Assume that f=0and u € L(1)
(& R3), p e Ll (Q) satisfy (1), (2) in the sense of distributions. Let 2 < g(2) <

loc

4. Fix r € (0, w) such that 6Q < B(0; r). Then u € D™ (Q\B(0; r); R®) and

there exists p_ € R! such that p —p_e L1®(Q\ B(0; r)).
(See Lemma 4.1 in D. Kim (2018).)
Lemma 4.2: Let Q < R® be an unbounded domain with compact

Lipschitz boundary, o=(p, 0,0)and g, s € (1, o). If (u, p) € W21 (Q, R%) x W4
(Q), u € L(Q; R?) is a solution of (1)-(3) with f=0, g =0 satisfying

i 1 Jldet=0, ©)
thenu=0and Vp=0.
(See Theorem VIIL.7.1in G. P. Galdi(2011).)

Theorem 4.3: Let Q — R® be an unbounded domain with compact
Lipschitz boundary. Suppose that t, p € R'\ {0}, o= (p, 0, 0), f € D71(Q; R?)
and g € W11(0Q); R®) with 2 <q <3. Then there exists a unique solution (u,
p) € W (Q; R3) x LY(Q) of (1)-(3).

Proof: Suppose first that t > 0. Choose an unbounded domain G c R?
with smooth boundary such that Q c G. We can consider Dy7(Q) to be a
closed subspace of D;7 (G). (Here q' = g/(g — 1).) According to the Hahn-
Banach theorem there exists F € D9(G; R®) such that (F, v) =( f, v) forallv
€ Dy7(©; R?). Theorem 2.1 in S. Kracmar et al. (QAM 2010) gives that there
exists a solution (w, 0) € Dy (G; R®) x LY(G) of

—Aw(z) + 10,w(z) — (0 % 2) - Vw(z) + ® x w(z) + VO(z) = F(z), V- w=01in G.

Clearly, w € W"(€; R%), 8 e L1(Q) and (w, 0) is a solution of (1), (2).
Moreover, v, w € W-1(0Q; R®). Put § :=g -y, w. Lemma 2.1 gives that §
e W1 (60, R3?) < W24(0Q); R?). According to Theorem VIIL.1.2 in G. P.
Galdi (2011) there exists (i, p) € D**(Q, R%) x L2 (Q) such that

=Adi(x) + 10, 1i(x) — (0 x x) - Vii(x) + o x ii(x) + Vp(x)=0, V- 1=0in Q, (10)
i =g onoQ,

J.aB(o;l)|ﬁ(Tx)|dG)(x) =o(r1/2) asr — . (11)
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Proposition 2.3 gives that ii € W'4(Q; R%). Fix r € (0, ) such that dQ ¢
B(0; r) and put V= Q" B(0; r). Define g := @i on oV \ 0Q. Then g € W19
(0V; R%) because ii € C*(Q; R™). (See Theorem VIII.1.1 in G.P. Galdi (2011).)
According to Theorem 3.2

[ n"-gdo=o0.

Applying again Theorem 3.2 we get that there is a solution (7, ) in the
space WY(V; R?) x Li(V) of
=AD(x)+10,0(x) - (@xx) - Vi(x)+ ox 0(x)+ Vi(x)=0, V- 5=0inV,
0=gonoV
Holder’s inequality gives that (0, ©) € W*(V; R™) x L*(V). Uniqueness
result of Theorem 3.2 forces that there exists a constant ¢ such that i1 =
and P = @ +c. Hence (i1, p) € WY(V; R3) x Li(V).

Since ii € W'4(Q; R?), Proposition 2.3 forces that i € L3(Q; R%). Lemma
4.1 gives that there exists a constant p, such that (i, p —p,) € D"(Q\V; R%)
x LY(Q\ V). Since ii satisfies (11), we have ii € W"(Q\V; R% by Proposition
2.3.

Putu=w+i,p:=0+ p —p,. Then (u, p) e W"(Q; R%) x LI(Q) is a
solution of (1)—(3).

Suppose now that (u, p) € W*(Q; R3) x Li(Q) is a solution of (1)~(3)
with f=0, g=0. Then u € C*(€; R%) and p € C*(Q2) by Theorem VIIL.1.1 in
G.P. Galdi (2011). Proposition 2.3 forces that u satisfies (9). Moreover, u €
L¥G-0(Q; R?) by Proposition 2.3. Hence 1 =0 and Vp =0 by Lemma 4.2. So,
p is constant. Since p € LY(Q) we infer that p =0.

Letnow t<0. Forx =[x, x,, x,] denote ¥ =[x, x,, x,]. Put Q= {x;x¢e
Q}. For a function ¢ defined on Q define a function ¢ on Q by

0(X) = ().

Remark that p e LY(Q) if and only if p € LY(Q), and it € W7 (Q; R3) if
and only if u € W (Q; R?). Define Z(x) =g(%) forx 0Q, and (f, v) = (f,
o) forv e D7 (Q; R?) with q' =g/(q-1). Clearly, (u, p) is a solution of (1)—(3)
if and only if (i1, 0) with 6 := — p is a solution of

—Aii(z) —r0,u(z) — (0x z)- Vii(z) + o x 1i(z) + VO(z
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Therefore there exists a unique solution (1, p) € W"7(Q; R%) x L1(Q) of
1)-3).
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